ABSTRACT. This article deals with the damaged and incomplete Old Babylonian tablet Plimpton 322 which contains 4 columns and 15 rows of a cuneiform mathematical text. It has been shown that the presumed original table with its 7 columns and 39 rows represented: a table of square roots of numbers from 0 to 2 for mathematicians; an earliest rudiments of a trigonometric table for builders and surveyors where angles are not measured as an arc in a unit circle but as a side of a unit right-angled triangle; a list of the 39 exercises on reciprocal pairs, unit and integer-side right triangles (rectangles), factorization and square numbers for teachers.
Introduction
The cuneiform clay tablet Plimpton 322 (P322 ) [1] , [8] , [10] , [11] , Fig. 1 , is very likely the most famous mathematical product of Old Babylonian era (1900-1600 BCE), written probably in an ancient city Larsa (southern Iraq) several decades before the city was conquered (1762 BCE) by Hammurabi of Babylon. Opinions on the tablet have been gradually changing: After its illegal excavation, it was sold in 1923 for $ 10 by a dealer E. J. B a n k s to a collector G. A. P l i m p t o n and in 1936 it was bequeathed to Columbia University, New York. (The photo by Christine Proust from her online article [11] is published with her permission and by courtesy to Jane Spiegel, the librarian of the Rare Book and Manuscript Library, University of Columbia, New York.) N e u g e b a u e r and S a c h s (1945), [1] revealed mathematical importance of P322 and supposed that its text deals with "Pythagorean triangles (triplets)" obtained by generating pairs of regular numbers. B r u i n s (1949), [2] showed that the triplets could be calculated also from reciprocal pairs and by reduction of common divisors. D e S o l l a P r i c e (1964), [3] showed how to obtain necessary generating numbers or reciprocal pairs and assumed an original tablet with 38 rows of triangles. His conjecture was supported by the scored reverse side of the tablet (Fig. 1.A. ), suitable to accommodate remaining rows of triangles. F r i b e r g (1981) , [4] reconstructed a complete extended table P322 combining the proposals of B r u i n s and d e S o l l a P r i c e . H ø y r u p (1990), [5] gave a geometrical interpretation of the Bruins algebraic relations between reciprocal pairs and right triangles, in accord with other cuneiform texts. J o y c e (1995), [6] interpreted P322 as a trigonometric table. R o b s o n (2001), [7] reconstructed the text of damaged headings in P322. She rejected the trigonometric interpretation and regarded the tablet, together with F r i b e r g , as a teachers' aid. C a s s e l m a n (2003), [8] briefly and clearly popularized P322, and showed how to read its cuneiform text in attached photo. B r i t t o n, P r o u s t and S h n i d e r (2011), [10] offered a detailed review of a current knowledge on P322. P r o u s t (2015), [11] published new high quality photos of all sides of P322 enabling to solve long lasting disputes.
The name Plimpton 322 denotes that it is the 322nd item in the catalogue of the university's cuneiform tablets where it is described [10] as a very large, well preserved, burned tablet (measuring some 13×9 cm; its thickness 2-3 cm) with left-edge broken away, on obverse 4 columns and 16 lines, reverse blank; content: commercial account. Each of the four columns contains a heading in a mixture of Sumerian and Akkadian and 15 rows of numbers in a sexagesimal positional system with base 60 (Fig. 2) . Old Babylonians had no signs for zero or floating point -a boundary between the integer and fractional part of a sexagesimal number. The lack makes any interpretation of a written number to some extent an arbitrary one and leads easily to errors. For clarity, we write sexagesimal numerals from 0 to 59 as two-place decimal numerals and denote a floating point as a semicolon ";".
Multiplication of sexagesimal numbers is laborious as multiplication tables up to 1 00;×1 00; are beyond the common memory. Division is even more challenging. This is the reason why the Old Babylonians instead of dividing by the number (igi ) x multiplied by its inverse (igibi ) 1/x. They learned by heart The standard table of reciprocal pairs (Tab. 1). Table 1 . The standard table of sexagesimal reciprocal pairs x and y = 1/x fulfilling the condition xy = 1. Transcription of the cuneiform tablet MLC 1670 [12] in its original form: with the blank space instead of zero and the numbers in their relative form without a floating point. The absolute value of the numbers depends on the value of the number 1. (Whether it is interpreted as 1;, 1 00;, 0;01 or any other power of 60.) The table is readable in both directions: e.g., the pair x = 3 and 1/x = 20 corresponds to the pair x = 30 and 1/x = 2, and vice versa. It enables to extend the table easily by double-digit numbers, since, e.g., the pair x = 50, 1/x = 1 12 corresponds to the inverted pair x = 1 12, 1/x = 50.
The ancient mathematicians also knew relations between reciprocal pairs x, y and sides s, d, h of right triangles (rectangles) used by then builders and surveyors ( Fig. 3 and 4) . (Old Babylonians preferred rectangles with 2 sides and diagonal, but for simplicity, we will talk about triangles with 3 sides.)
As it follows from the Fig. 3 and 4, the diagonal d (şiliptum in Akkadian), the width s (sag in Sumerian) and the length h (uš in Sumerian) of a rectangle or a right triangle obey the following relations
The "diagonal" rule (1) enables to calculate one side of the right-angled triangle.
(1000 years before the birth of Pythagoras, it would seem ridiculous to call the rule "Pythagorean".) According to the relations (1) and (2) , in case of a unit right triangle with the length h = 1, the sides
of a rectangle with the unit area
represent a reciprocal pair x, y = 1/x determined by the diagonal d and the width s of the unit triangle. Inversely, as it follows from (3), the sides
of a unit triangle could be determined by a reciprocal pair x, y.
The set of relations (4), (5) can be written in a form of modern quadratic equations x 2 − 2dx + 1 = 0 or x 2 − 2sx − 1 = 0 (6) for an unknown number x and known values of the diagonal d or the width s. Of course, Old Babylonians solved the quadratic equations (6) for an unknown reciprocal pair x, y in a different way as we would do:
At first, knowing the diagonal d, they calculated its square d
2
. Gradually, using the "diagonal" rule (1), the square of width s 2 = d 2 − 1 2 and then its square root, i.e., the unknown width s = √ d 2 − 1, were calculated. Eventually, using relations (3) for already known pair of sides d, s, they calculated the searched reciprocal pair
In another type of equation (6), with the known width s, by a similar procedure and relations (1) and (3) 
PLIMPTON 322 : A UNIVERSAL CUNEIFORM TABLE • By a direct multiplication • By a parallel factorization of multi-digit sides s, d, h of unit triangle: A multi-digit number can be decomposed into a product of smaller, ideally singledigit numbers. Then a multiplication by such a number can be performed as a succession of simple steps. The decomposition of n-digit sexagesimal fractional number s = 0; s 1 s 2 . . . s n−1 s n can utilize that the last digit s n = f n g n ×60 −n can be written as a product of the greatest divisor g n and a factor f n . Multiplying the number
by the reciprocal of the greatest divisor h n = 1 00; /g n causes that the last fraction disappears. It changes to f n ×60
. In this way, the resulting number 
will be obtained, where the multiplier H s and its reciprocal 1/H s are determined by the relations
As g n × h n = 1 00;, the reciprocals g n , h n are single-digit sexagesimals. Then according to (8) and (9), the inequality S ≥ s is satisfied for the absolute value of the final factor S and the original number s. Paradoxically, for their relative values, the opposite expression is valid. Evidently, in accord with (9)
Friberg calls the factorization method: the trailing part algorithm and the final factor S: the factor-reduced core. (F r i b e r g (2007), [9] ).
By this factorization method, the n-digit number s can be reduced to the final factor (8): S = s × H s and inversely, it can be decomposed to the product s = S × (1/H s ).
The factorization can simplify calculation of squares of many-digit-numbers s:
Inversely, by factorization of a square s 2 to the reduced factor S 2 = s 2 ×(H s ×H s ), supposing that its square root S is known, the square root s = S×(1/H s ) of the number s 2 can be calculated ( F r i b e r g (2007), [9] ).
It should be mentioned that Old Babylonian scribe had calculated with numbers in their relative form without the floating point therefore he had to keep the factors (1 00; ) n or (1 00; ) −n from relations (9) (more precisely, an idea of the absolute value of the calculated numbers) in his mind. It could easily lead to errors.
In technical praxis, Old Babylonians had to deal with both small and large objects. It is illustrated by their length unit system, inherited after Sumers (F r i b e r g (2007), [9] This system of different units assisted them in removing ambiguity of the relative form of inscription of sexagesimal numbers (without a boundary between their integer and fractional part). Although calculations were done with relative numbers, Old Babylonians were always interested in the absolute value of results: It mattered whether a purchased field had a width 1 30 ninda (540 m) or 1; 30 ninda (= 18 kúš = 9 m).
The factorization formula (11) can be used independently for a calculation of squares of width 2 does show where the missing floating point should be placed but the missing beginning zeros in s 2 make its absolute value uncertain. The statement is justified by new high-quality pictures of P322 made by C h r i s t i n e P r o u s t ( Fig. 1  and 5 ) published also in her online article [11] . Her picture has definitely solved a long lasting dispute on the "s 2 or d 2 ?". In the 12th row with d 2 = 1; 29 21. . . in Fig. 1 .B and 5, the sequence: the numeral 1 -blank space -the numeral 29 can be seen. In the case of s 2 = 0; 29 21 . . . , the numeral 29 ought to be seen just at the vertical line parting the columns. (All numbers in P322 start at the parting lines!) The free space and the numbers 33 or 35 can be also clearly seen in the rows 11th or 10th in Fig. 5 , respectively. (The old black-and-white picture of P322 in the N e u g e b a u e r and S a c h s primary article has unreadable left broken edge [1] , [8] . So readers were obliged to believe the lucky persons who had opportunity to see the original tablet P322.)
As it follows from Tab. 2, the triangles for the simplest integers x = 2 and 3 are similar to the well-known triangle with integer sides 3, 4, 5 used for delineation of perpendiculars in ancient building or surveying. The two triangles are only mutually turned. In accord with Fig. 3 , the number x = 2 provides a steep triangle (s = 0; 45 < 1) while the number 3 corresponds to a gentle slope (s = 1; 20 > 1).
The exact boundary between the steep and mild slope of diagonal is determined by the diagonal in the unit square, with its unit width and length (s = h = 1) or by the square of the diagonal d 2 = 1 2 + 1 2 = 2. The Tab. 2 shows that the boundary lies between the row N = 9 with the bold number x = 2; 24 and the row N = 10 with the magenta number x = 2; 30. The latter allows to replace the exact condition (0 < s < 1) for the width of steep triangle by a simpler, though less precise condition (1 < x < 2; 30) for the generating number x. (Thus, when selecting x, the last condition allows to decide without further computation, whether a calculated triangle will be steep or mild. It certainly saves useless calculations and time to compile the table.)
The least steep diagonal (d 2 = 1; 59 00 15) in Tab. 2, close to the diagonal of the square (d 2 = 2) is in the ninth triangle (N = 9), calculated for the number x = 2; 24. The steepest diagonal (d 2 = 1; ) is in the first (N = 1) of the triangles in Tab. 2, with a zero width (s = 0) calculated for x = 1. Such a "triangle" was certainly a mystery for Old Babylonians. Everything depended on their interpretation of zero: Whether it was something awfully small (almost vertical segment in Fig. 3 ) or something non-existent -"nu" (not in Sumerian) ( N e u g e b a u e r [15, Glossar p. 30] ). On the other hand, Tab. 2 is mainly a table of square roots. From this point of view, the value zero or one of a root is not so puzzling.
Interest in steep triangles is natural, because their widths s have the upper and lower limit (0 < s < 1). The limits are also in the corresponding numbers 1 < x < 2; 30. Triangles with a mild slope are limited only from their lower side by the intervals 1 < s and 2; 30 < x, so an upper limit of the number x is not known in advance. It will lead to many useless calculations. It is sufficient to determine only steep triangles since mild ones can be obtained, in accordance with Fig. 3 , by a simple turning of the steep triangles.
The sides s, d, h = 1 of calculated unit triangles in Tab. 2 were of interest to builders. Old Babylonian builders did not know an angle as an arc of unit circle but they could measure it as a side of unit triangle. They measured the slope of walls or embankments as a deviation s from the vertical or horizontal line in the unit length h = 1 kúš (Fig. 6) . [7, p. 183] and N e u g e b a u e r [15, Glossar p. 32, 12] . Since the width s can serve as an inclination rate, the formulation is also included in the headings of the column s in Tab. 2.
The width s of a unit triangle changes in Tab. 2 continuously with the slope of diagonal d therefore it is suitable for measurements in building and surveying. Just opposite, the similar triangles with integer sides S, D, H change erratically. So they cannot be applied for measurements (with the exception of the well-known triplet 3, 4, 5). But they can help, using the relation (11) , to square the sides of a similar unit triangle.
Because the length 1 kúš (cubit) is small (around 1/2 m), the measuring unit triangles (e.g., 0;45, 1;15, 1;) in kúš do not guarantee a sufficient accuracy of the inclination measurements in surveying. A higher precision can be achieved by a similar sixty times (1 00; ×) larger triangles with sides (45; 1 15; 1 00;) kúš where 1 00; kúš ≈ 30 m.
How the tablet Plimpton 322 was compiled?

Extension of The standard table of reciprocals
The tablet P322 comprises 15 steep triangles but only 2 of them (1th and 11th) are also in Tab. 2. It means that the author of P322 wanted to generate a more detailed table of the triangles (rectangles) than the Tab. 2 which had been calculated using only the reciprocal pairs from The standard table of reciprocals (Tab. 1). To obtain further steep triangles, the author of P322 had to extend The standard table by new reciprocal pairs x, y with numbers x from the interval 1 ≤ x < 2; 30, as it has followed from Tab. 2. Such numbers x = p/q > 1 are produced by division of a greater number p by a smaller q. (In today's terms, numbers x represent improper fractions with p > q.) Furthermore, dividing one numerator p by different denominators q, several fractions x = p/q and consequently several triangles can be determined.
To minimize a computational time, it was necessary to choose the simplest, single-digit denominator 1 ≤ q < 1 00;. (Of course, the numerator p might be also two-digital.) If the simple numbers p, q were from The standard table then a calculation of the improper fraction x = p/q and its reciprocal y = q/p was within a scribe routine.
The standard table ( Tab If a scribe calculated the fractions x for a given denominator q and gradually increased numerators p > q until he found an invalid fraction x ≥ 2; 30, then all his results, except the last one, were correct. However, many of the correct results (x < 2; 30) were calculated in vain, because they were equal to the results already obtained before, for the other (smaller) values of denominators q. Namely, a gradual increase of denominator q, 2q, 3q, 4q, 5q, . . . leads to an independent increase of numerator p, 2p, 3p, 4p, 5p, . . . but the value of a fraction x = p/q = 2p/2q = 3p/3q = 5p/5q does not change by this proportional increase of the numerator and denominator. To avoid the useless calculation of fractions x with the same value, it is necessary to exclude the numerators and denominators with a common divisors 2, 3 or 5. (Finding a common divisor was for a scribe a known operation, used also at the parallel factorization of sides of a unit triangle.)
The gradual elimination of unsuitable pairs p, q with a common divisor and the subsequent calculation of fractions from suitable pairs until the first invalid fraction is found x ≥ 2; 30 save a time and material. (The elimination of a fraction is faster than its calculation. Moreover, excluded or invalid fractions need not be stored for further processing.) The numerator p th of the first invalid fraction x = p th /q ≥ 2; 30 represents the threshold numerator for a given denominator q. (All fractions p/q ≥ p th /q are invalid as they give mild triangles.)
Calculation of improper fractions using criteria of the common divisor and slightly modified invalid fraction x ≥ 2; 25 was first done by d e S o l l a P r i c e [3] . F r ib e r g [4] used the condition x ≤ 4. The both authors used, instead of numbers p, q from The standard table, all regular numbers p ≤ 2 15; and q < 1 00;, including the numbers 1 36, 1 48, 2 05, 2 08, 2 15 which were not in Tab. A disadvantage of the criterion of invalid fraction x ≥ 2; 30 is in wasting time with calculation of the invalid fraction and in the useless elimination of unsuitable pairs p, q before the threshold numerator p th is reached. The useless operations can be avoided when the criterion x ≥ 2; 30 is replaced with a condition for the maximum appropriate fraction x max :
Moreover, the last condition can be substituted for simpler criterion for the maximum numerator
The maximum numerator p max can be calculated in advance, so the eliminations of unsuitable pairs p, q and calculation of searched fractions x stop below the maximum value p max . There is no need to continue the elimination till the threshold numerator p th > p max will be reached. (A modified criterion of the maximum numerator p < 2; 25q was used by F r i b e r g [9] and also suggested by A b d u l a z i z [13] .) Eventually, the numbers x = p/q, calculated from single-digit denominators q and numerators p from the interval (12) , are shown in Tab According to Tab. 3 , some of denominators q (6, 10, 30, 36, 48) produced no fraction x. Also the greatest denominator q = 54 failed as 25 possible numerators (p > 54) from The standard table (Tab. 1) had to be eliminated. In an attempt to obtain the widest possible spectrum of triangles, the author of P322 tried to find a numerator beyond Tab. 1 which could not be eliminated. The numerator p cannot have a common divisor with the denominator q = 54 = 2. • N 235 is the number of eliminated fractions x, whose denominator q and numerator p (from the interval q < p < p max = 2; 30q) have a common divisor 2, 3 or 5; • N th is the number of uselessly checked numerators p from the interval p max ≤ p ≤ p th .
As it follows from Tab. 3, the condition (12) for the maximum numerator p max = 2; 30q reduces the number 675 of improper fractions x = p/q > 1 to 191(= 152+39), from which a checking of common divisors eliminates 152 and the remained 39 fractions x can later on produce 39 steep triangles. A calculation of mild triangles should be more demanding because it would need to check not 191 but 484(= 675 − 191) from the 675 possible fractions x. Using the threshold numerator p th as a criterion (d e S o l l a P r i c e [3] , F r ib e r g [4] ) increases, due to Tab. 3, the number of uselessly checked numerators p by 281 and in vain calculated fractions x (with the threshold numerators) by 14. Calculation of 39 reciprocals y = q/p lasted 100 minutes. An ancient scribe could be faster in multiplication but he had also to prepare recording material. Preparation of 39 round handy tablets (bringing and shaping of a piece of clay) could take about 39 × 5 min ≈ 200 min.
Time and spatial demands of The extended tablet of reciprocals
Thus the calculation and a temporal record of the data represented for one scribe around 500 min.
Eventually, for a clear arrangement and higher security of obtained results, it was necessary to rewrite them to a final tablet. It was sufficient to record 39 rows of the most important parameters x, y, p, q, N. A corresponding time assessment supposes knowledge of a recording speed (roughly, one edge per second) and a number of rewritten edges: According to Fig. 2 , the smallest sexagesimal digit 1 has two edges while the greatest numeral 59 has them 28. In average, it is 15 edges per digit. Due to Tab. As it has been already shown, the threshold numerator p th criterion increases the number of uselessly checked numerators p by 281 and in vain calculated fractions x by 14. Utilizing the previous time guesses, it will be found that the increased checking needs additional 281×80 min/152 ≈ 150 min and the vain calculation will spend 14×100 min/39 ≈ 36 min. The less proper criterion protracts the time for obtaining The extended table of reciprocals (Tab. 3) for approximately 186 min ≈ 3 hours (in total, to 13 h ≈ 2-3 days). (In this case, the 25 maximum numerators p max are not calculated but such saved up 4 minutes are negligible.)
Without any preliminary checking of common divisors, the shorter checking of N 235 = 152 improper fractions will be substituted by a longer calculation of the fractions. It means that 80 minutes of the checking will be replaced by 152 × 100/39 = 390 minutes of the calculations plus 100 minutes of additional computation of 39 invalid fractions x ≥ 2; 30. It represents in total a protraction 410 min ≈ 7 h in comparison to 10 hours in the case of the criterion of maximum numerators p max = 2; 30q. Thus, a complete construction of The extended table of reciprocals (Tab. 3) without preliminary checking will take approximately 17 hours ≈ 3-4 days per a scribe. Of course, the construction could be accelerated by division of its calculations among a higher number of scribes. (A calculation by rude force [18] , of all 675 improper fractions x > 1, lasting 675× 100/39 = 1731 min ≈ 29 h ≈ 6 days per a scribe seems improbable as it would increase gratuitously a possible 2-day-work to 8 days.) Spatial dimensions of the final version: According to Fig. 1 .B and 5, the 21 places for digits, a character and gaps cover the width 127 mm of P322, then 6 mm is an average width of one place. 15 rows of a mathematical text and 3 rows of headings share the height of 88 mm, then, 5 mm is their average height. A necessary dimension for a cuneiform text of the extended table (Tab. 3) is determined by the dimension of a digit: width 6 mm × height 5 mm; the maximum number of digits of individual parameters in Tab. 3: x(4), y(4), p(2), q(1), N(2) ; the number of gaps (equal to one digit) between columns (4 at the 5 columns). In total, it is 17 digits along the width 17× 6 mm = 102 mm. 39 rows of numbers and 3 rows of headings would represent the height 42 × 5 mm = 210 mm of one sided text or 105 mm of the text on the obverse and reverse side of the tablet.
It is evident from the order numbers N in Tab 
Calculations of a complete tablet P322
Using the known reciprocal pairs x, y from the ordered extended table Tab. 3 and applying the same method as in the case of the preliminary table of triangles Tab. 2, it is possible to make a more detailed table Tab. 4. Actual calculations can be performed in the following three steps: 
of a similar triangle are determined. 3. Eventually, from squares of the integer sides S 2 and the reciprocals 1/H, the squares of sides of the unit triangle
are calculated. The most important part of Tab. 4 is the triple of parameters s, d, H, probably located on the broken off part of the original complete tablet P322. From the triple, all remaining parameters could be determined: x, y (by means of (4)); S, D (by means of (13)
2 (by means of (14)). Only initial pairs of numbers p, q cannot be determined. They had to be laboriously compiled in Tab. 3. If there was a desire to made a universal table with all data interesting for practice but also with those strenuously obtained then the initializing pair p, q could be placed on the left and right side of the tablet (similarly, as it is in Tab. 4). Of course, a selection of parameters for the lost part of P322 is speculative but it should be done on a reasonable conjecture of the aim of the tablet. The initial words assign a similar problem in MS 3502 : 
, d
2 will still be missing in their contemplated complete tablet P322. Evidently, the most important of the 5 missing parameters is the length (multiplier) H . Without it, the sheer integer sides (the factorreduced core) S, D are inutile as they are insufficient for a calculation of desired squares
itself was beyond a common scribe knowledge. On the other hand, the calculation of S = sH or D = dH was within his ability.) For F r i b e r g [9] , the key parameter of P322 has been the square d 2 from which all remnant parameters could be determined by an independent factorization of squares d 2 To get rid of the common fractional part 1/H in the sides s, d, h, it is enough to multiply the sides by the reciprocal value of the factor 1/H H = 2pq (15) (The same effect is also provided by a factorization of the sides.) Usage of the multiplier (15) can strongly simplify the calculation of integer sides. They could be calculated independently. There would be no need to follow common divisors of the last fractional digits. It could accelerate such calculation and diminish the number of errors that could arise at a factorization.
Short comments on the colors used in the Table 4:
The yellow data are added to the existing extant of the damaged and uncomplete tablet P322.
The green data are unreadable in P322 extant.
The magenta data are correct but point out the errors made by ancient scribes in the real tablet. It is even less probable that the author of P322 was known with the relations between the triangle sides and the initial numbers p, q which are today easy obtainable from the relations (5) and (13) by simple algebraic operations
When the initial numbers p, q (underlined italics in Tab. 4) are odd, then the integer length is calculated as H = pq. The relations (16) are currently used for calculation of the "Pythagorean" triangles (triples). They were also used by N e u g e b a u e r and S a c h s [1] for proving a hypothesis that the tablet P322 has dealt with 15 Pythagorean triangles.
Errors in the previous error analysis
Comparing the numbers from Tab. 4 and from P322, it follows that Old Babylonians have made 6 errors in their tablet. (The original numbers of P322 can be found in Fig. 1 . B or in the black-and-white photo of P322 in [8] .) A position of the errors is denoted in Tab. 4 by the magenta color. Two of the errors are results of an insufficient attention during a transcription of data from an auxiliary to the final tablet: -In the 9th row in the parameter S, there is, instead of the correct numeral 8, a similarly looking but incorrect digit 9 (Fig. 2 ). -In the 2nd row in the parameter d 2 , there is, instead of the correct pair of digits 50 06, an incorrect numeral 56. The error should be caused by a too small work tablet where the blank space representing zeros in the numbers 50 06 was too small. So, two numbers 50 06 have been misread as one number 56.
The remnant 4 errors are of an arithmetic character:
In spite of this, the mistakes are extremely useful since they prove that the data in P322 have been obtained in the order and way described above by the three steps.
The 1st error:
In the 8th row in the parameter d is overlooked, the telescoped number will be multiplied and it will lead to the faulty result s 2 = 2 46 15 56 15 × (15 × 0; 01 6 ) = 0; 00 41 33 59 03 45.
The whole calculation of P322 is made with the reciprocal pairs x = p/q and y = q/p, therefore the product xy = 1; 00 is exactly equal to the unit. According to (2) , the unit had to be respected also in the calculation of the square d 2 = 1; 00 + s Evidently, a calculation with relative numbers and blank spaces instead of zero had to be a frequent source of errors. However, the error connected with an incorrectly determined fractional part of the calculated number is done by nowadays authors, too: Similarly, wanting to get the incorrect result d 2 = 1 41 33 59 03 45 by the N e u g eb a u e r and S a c h s procedure (16) , the authors (B r i t t o n et al., [10, p. 537] show at first the correct result This error relates to the fact that for calculating a square
of a unit triangle, it is necessary to calculate and store a square S 2 of a similar integer triangle. During transcription of results from auxiliary tablets to the final tablet, the value S 2 was mistakenly written instead of S.
This error is explained similarly by F r i b e r g [4] but R o b s o n [7] and B r i t t o n et al. [10] suggest another explanation: They suppose that during a factorization instead of the sides s, d, the pair s The last (green) numbers have a common divisor 5, and then in the third factorization step it was necessary to multiply by a reciprocal value of the divisor -by the number 12. From some reason (darkness, a higher priority work, exchange of scribes), the third round of factorization was interrupted. Before the interruption, the calculator just managed to multiply the diagonal 1;23 46 02 30 × 2 × 12 2 = 6 42; 05.
Restoring the calculations (perhaps next day, with new tablets), the scribe continued to multiply by 12. From the previous records, he found that the sides s, h had already been multiplied by 12 (forgetting that it had been done in the second round). A probability of this error is increased by the fact that it could be produced also by interruptions in the second or fourth round of factorization.
This erroneous diagonal D was explained by B r u i n s [17] and later by F r i b e r g [4] , R o b s o n [7] , B r i t t o n et al. [10] as an excessive factorization made by a calculator who did not realize that he had already removed all fractional digits. It is implausible as he knew in advance how many fractional digits should be removed (only four in this case). Moreover, at the excessive factorization, the number 5 is no more a common divisor. Therefore its reciprocal 12 is no more suitable for such factorization. On the other hand, the incorrect relative value D = 3 12 01 is explained by them as a transcript mistake because the sexagesimal numerals 12 01 and 13 can be with a little incaution easily confused.
The wrong diagonal D suggests that the square d 2 of a unit triangle is determined using the equation (14) only from the square S 2 of integer triangle and not from D 2 because in the latter case the wrong value of D would lead to a significant error in the calculated square d 2 in the 2nd row of P322. The wrong diagonal D also shows that no accuracy checking of the calculated squares d 2 = s 2 +1; envisaged by F r i b e r g [4] , has been performed. (It is understandable. It would have significantly prolonged calculations.)
The wrong value of diagonal D = 3 13 00 00 is 12 2 -times larger than the correct value 1 20 25. It suggests that the author of P322 did not know the relation (15) for the multiple H = 2pq between the sides of unit and integer triangles. The relation could help him to get rid of errors connected with a factorization.
Actually, due to Tab. 4, the numbers p, q in the 2nd row have values 1 04 and 27, respectively. Then H = 2pq = 2 × 1 04; ×27 = 2 × 8 2 × 3 3 = 2 × 12 × 12 2 = 57 36. Evidently, using the multiple (15) , the wrong result D should preferably consist of the elementary multipliers 1 04, 27, 9, 8, 3 but not of the numbers 12 or 12 2 typical for factorization in this case. The 4th error: In the 15th row in the parameter S, there is, instead of the correct number 28, the incorrect value 56(= 28 × 2).
There is a general meaning ( B r u i n s [17] , F r i b e r g [4] , R o b s o n [7] , B r i t t o n et al. [10] ) that the error is a consequence of a different factorization of the individual sides s = 0; 37 20 and d = 1; 10 40 from Tab. 4 . We suppose that it should be provoked by a time distress when the data of the last (15th) row were calculated in the last moment, just during transcription of results to the tablet P322. Such distress should require dividing the factorization between two scribes. The scribes factorized the sides s and d in the following two steps:
The first scribe
The second scribe 2 of sides of a unit triangle (rectangle), is hold by F r i b e r g [9] .
Paradoxically, F r i b e r g in his earlier article ( [4, pp. 290-292]) still talked about Pythagorean triangles (triplets). He compiled the extended tablet P322 in agreement with the relations (5), (13) , (14) and by application of the parallel factorization of sides s, d. He still considered errors in line 2 and 15 as a result of an incorrect parallel factorization.
PLIMPTON 322 : A UNIVERSAL CUNEIFORM TABLE
The key position of the squares s 2 
, d
2 in later Friberg's interpretation means that P322 should be completed just in an opposite way as in the case when it represented a table of triangles:
The way of obtaining the squares s 2 , d 2 is not discussed by him but there is a possibility to calculate them, due to (7), from reciprocal numbers x, y as ( In agreement with the procedure, F r i b e r g [9] proposes the following content of P322 extended by its lost (yellow) part: According to F r i b e r g [9] , in the case of the independent factorization, the discussed data from the 2nd and 15th row are already no more errors. There is only a difference in the number of factorization steps: The square s 2 in the 2nd row is factorized four times with the overall multiple H The observed equality of the multiples H d = H s is no surprise. It could be expected even at the independent factorization of squares s 2 
2 because the factorized fractional parts of these squares are exactly equal. Inequality of multiples H d , H s occurs in P322 only in two cases (line 2 and 15). Therefore, it is plausible that the inequality of H d , H s is a result of an accidental miscalculation and not of an intentionally independent factorization.
There is also an additional argument against the independent factorization of the squares s 
Since the tablet P322 has been obtained from reciprocal pairs x = p/q and y = q/p, then their product xy can only have one possible absolute value xy = 1;00. Thus, the first interpretation with integer triangles is correct. It does not mean that the second version with the relative values is principally faulty. It only solves another task:
Instead of the initial side d = 1; 10 40, it starts implicitly with the 1 00 00-times larger integer side 1 10 40. Subsequently, this too large side is reduced 80-times to the final integer value D = 53. Taking into account the implicit increase and the subsequent explicit reduction, the correct final 1 00 00/80 = 45-times increase, forecasted by the absolute values, is obtained.
In case of the independent factorization of the initial sides s = 0; 37 20, d = 1; 10 40, the final values S = 56, D = 53 in P322 are not the sides of a triangle and therefore they do not obey to relation (2) . In this case, the version with the increase of initial sides by factorization is supported by unambiguous values of reciprocal pairs: Actually, due to Tab. 3 in the row N = 15, there are generating numbers p = 9, q = 5 and the reciprocal pair x = p/q = 1; 48, y = q/p = 0; 33 20. From the pair and the relation (5), the width s = (x − y)/2 = 0; 37 20 < 1; of a steep unit triangle, is determined. The width s can be written in an ambiguous relative form as 37 20, but the form cannot change its unambiguous absolute value which must be respected at any factorization.
It must be strictly distinguished between the formation of the tablet P322 and its later application. The case: F r i b e r g (1981), [4] versus F r i b e r g (2007), [9] covers the whole span between the formation and the application of P322. Analysis of the errors supports the simpler, more natural F r i b e r g [4] According to Tab. 4, the individual parameters are expressed by the following number of digits:
. Adding yet 8 blank one-digit-spaces between columns and at the edges of tablet, the width of the complete tablet should be less than 37 × 6 mm = 222 mm. (The width of the missing and remnant part should take up 15 × 6 mm = 90 mm and 22 × 6 mm = 132 mm, respectively.)
A heading equivalent to 3 rows and 39 rows of triangles written on the obverse and reverse side would need a tablet less than 42 × 5/2 mm = 105 mm high.
The left and right side of the tablet might be hypothetically utilized for a record of generating integers p, q with Akkadian headings igibu (= numerator) and igu (= denominator) [15] , respectively. (Numbering of rows N on the obverse, reverse and flank sides would be shared.) The two-place numerator, oneplace denominator and 2 blank spaces suppose less than 5×6 mm = 30 mm of thickness, similar to that of P322.
A complete tablet, with a horizontal writing of text, could have a shape of a clay brick less than 222 mm × 105 mm × 30 mm. Initial dimensions should be larger, as the wet clay volume shrinks 7-14 % by drying [16] .
Similar dimensions (223 × 90 × 32 in mm) has also a completely filled vertical tablet MS 3052, as it follows from its photo (F r i b e r g [9] ). Its reverse side is oval, just like P322, but not quite symmetrical. The oval shape is no problem for a vertical tablet with a dominating verbal text. For long horizontal rows with a numerical text, however, a planar shape of all sides is preferable. (Also on the unfinished P322, the mathematical text is on its strait not oval side.) A finished table with a full text should therefore have a shape of a thin rectangular parallelepiped.
To get at least a misty insight into the time demand of calculations, Tab. 4 was obtained from relations between individual parameters and the initial integers p, q, using decimal addition, subtraction, multiplication and division by a simple Microsoft calculator. The same way was also used at the final transformation of decimals to sexagesimals. The results of the calculations were later checked by Excel computations which repeatedly used the worksheet functions INT(number)&";"&INT(60*MOD(number;1)) for the transformation.
Computing of 15 rows of Tab. 4 took 3 hours. The decimal operations need only a "click". All results are initially registered in the calculator memory and display, and finally simply transcribed to Word tables. On the contrary, clumsy sexagesimal operations, inscriptions and transcriptions into sets of clay tablets had to last many times longer. (Formation of a clay tablet and its preliminary vertical and horizontal scoring could last no more than half an hour.) All copying in a hot climate should be carried out at once, within a half-day during which a clay tablet is suitable for engraving, i.e., till its surface gets "skinny" (a half way between wet and dry). In such case, an observed unified manuscript of the word ki or the same depth of wedges in numbers [10] , [16] can be expected. There is an argument against the complete universal table that no extant duplicate of it has been found, compared to many hundreds duplicates of other types of standard mathematical or metrological tables [7] . The lack of the duplicates can be explained by a few numbers of specialized users, too little duplicates and consequently, a small probability of their preservation and excavation. Moreover, even if some duplicate or its part was found it might not have been deciphered. (Plimpton 322 itself was for decades taken to be a commercial account.) There is also a sad possibility that a propagation of the table from the ancient city Larsa could be stopped out by the capture of the city by Hammurabi's warriors. (The "circles of Archimedes" had also been forever disrupted by a soldier during the capture of Syracuse.)
Conclusions
The mathematical text of the tablet Plimpton 322 is probable an extension of an older, less precise table compiled by means of The standard table of reciprocals to solve the problems with powers, roots and right triangles. (Data from the older table might have become part of teaching texts written on the cuneiform tablets MS 3052 and MS 3971 from Uruk. Then it seems less probable that the tablets represent a proof of the existence of a complete tablet P322 with the extended 38 rows of triangles as it is suggested by F r i b e r g [9, p. 447] 
Two lessons
Even error may be useful: Analysis of 4 arithmetical errors in P322 demonstrated that its author(s) used the simplest procedures and made it as a table of integer triangles (triples) S, D, H and not as a table of factorization terms (cores) S, D generated by an independent factorization of squares of sides s 2 
, d
2 of a unit triangle (rectangle).
Writing in clay can be more durable than in a stone:
The Old Babylonian king Hammurabi and the anonymous author of Plimpton 322 were, more or less, contemporaries. The former is known for his law code carved in stone, the latter -for his numerals inscribed in the clay tablet. While Hammurabi's realm disappeared and a majority of provisions of his code has already lost their applicability, the eight-placed sexagesimal data in Plimpton 322 has sustained its validity to the last digit, even after 4000 years. Evidently, mathematics provides more lasting knowledge than legislation.
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